
②
IDensecodimgandtelepntatrm.nu( .

These are two simple communication but important

protocols that can be used as primitives for more

complicated tasks
. They are band en

entangled staten of the Bell - type (or EPR

spain cf qubits ) _

Definitions : Cet H = Ala His the

Hilbert Space of a composite system which is

"

bipartite
"

. Éther 14 ) c- de are there

Stork that can be written in the ferm

147 = 147+-017 >☐

for some 147A c-Xp , /✗ >☐ ≤ Riz .

Emtaugled staten are there that cannot be written in this

font



②
HA - CI

'

, His = ¢2

• lo ) ☒ lo )
,
lo) ☒ 11 )

,
/ 1) ☒ do )

,
/1) ☒ l'>

are product states (of the Computational been of

¢@ ¢2 ) .

•{ @ o ) t 101 ) t / lo ) t /Il >) is a product state

because it is
"

faetaited
"

as % ☒ ↳ÉÆ .

• Same fa

{ (loco) - lol ) - lia >+ Iii) ) = 17¥>• '¥1>

•
But ¥ (loco) + loi) - Ilo > t / il> ) is

entaufhd . Indeed suppure we could write it as
-

(No) +Plis /☒ (814+-6113) then we should here

✗8=1 ,
✗8=1-2 , Pr = - { , par = ±

but this inepties xyxor por= f- ⇔ à 82ps = f-



⇒ pr > 0 .

But pz = - { < o
③

Lena a contradiction !
.

Remonte : from the lest we example it is apparent
rrrrrrr

that for N qubits it night not eva be easy to

decide of a state is product a en tangled - . .

The Bell staten .
=

There are basic because ( in many way s ) they

are the
"

mort
"

entangbd Slater of two qubits .

Que me do not quontify enfantement however / this is

ano the interesting topic ) . ThᵉYÜ :

14
± >

= ¥ (Ko) ± 1h ) )( 14€ > = j (toi ) Es Iso ) )



The fon Bell statu faim au orthonormal has is

of Q2☒ ¢2
.

.

g. y ,, , gow, , ,,, , ,
là D= Sind to > - cost le>

Shen that

14¥ > = < (o ) @ la> + LE> ☒ LE>) .
R

so in a tense 14+3 is
"

coupleKly isotropie
"

.

The situation is similar for the other shabu .

Measurement
. (fa (4+3)
-

• A computationnel basis measurement been as with

Shalu to) ☒ lo) en 11) @ 11) with feels 1/2 . So

measurement result are corne lehed
.

• If Arly A measure (soy) 14f ) would Le nigaud

on { (tu > col ☒ 1) 14+3=1-2103×010 >
(1) <11 ⑦ 1) 14+3--1-2 113€11)



⑤

So from Alice's point of rieur Bob's State is

lo) a 11) . However Bob cannot Know Het

A has made a measurement until she communion

the result . This mearns that of A & Bdont

communiante Bah should get the same
-

imsanebasisskhish.esWalker he measures before en after

Alice . Lotus check :

mur

→ Measbefae Alien: in (lo ) , / > } basis of Bob .
-

Outcome is 10dg a /% >
☐
and since

tut > =£40> ☒ la> +10<3--019 ) ) Bob
A AB A B

7

has the shahist.is pub (G) = { , nah (9) .

→ tleaeafkofli-i-L.IO >, / >} basis of Bob .

Alice measured i- ( lo ) , lis } before Bob and got

lo ) with pub K, and I/ ) with près Yz .



⑥
So Bob wel any way get do ) ou LE >

, and

his statistics is

pwhlo) = prob (O/ Agotlo> ) . { +pullo/AgotkD.LTI
State often A 's mecs State after

Als mcas
lo) ☒ 107gA IDA€11),
- -

pots fB is / <olo ) /
2

puis fais is

B

= (Cess)
' ) <Il 1)

☐
/
2

= Cindy 2

=D pub lol = (Cosa) ? { + (sine) ? ≤

= ± . *



⑦
Dense Coding Protocol :
-

In this protocol : Alice transfers 2 class ical

bitsofinfnmaliontoBebbzph-ia-ndi-f-n-b.EC
.

¥
, .ge/anthd'eink#gie.=

classico l remets
out to Bob ont . - fiber / quantum
o o

o | communication Channel
.

:
und enfance _

To achieve this A & B share au entautled pain

lyt ) . This ferm of communication is called

"

en tanglement - assisted communication ". Mithat

the entanjled link one would be all to rendent I bit

through are use of the Channel . With the enhangled Link
this Capacity is dentelle ( here channel are not -cosy ) .



⑧
Protocol .
-

It is assume that A I B have established

an cntanjled link , i- e, au EPR pain r- State 14+3 .

• to rend message 00 i Alice rends her Share

of left > .

• to rend mensaje ot i Alice appeler the unihcry

Eperdue ✗ = ( T! ) to her there of #-)

• ho rend mange lo : Alice apples the mi tery

op 2- = (II ) to her done of 14+7 .

•
to und message lel i Alice appli the cuiter >

op 2- ✗ = (Î ! ) to her Shane of 14f)

Rds-lheqnbitCAlsshanef.ly/-))- . He is now in

possession of the full state in his lab i

• LA ☒ lis 14+3=14+3



⑤
• ✗A ☒ 7,314+7 = 10 > + 1oz ))=/¢7

•
2-
A
☒ 2,314+2 = à ( oe ) -

l / I )) = /y
_

)

•
2- ✗ ⑦ 1,314+3 = (-1103+1017) = /¢7A A

Finally Bob make a

Bdlhasismeas-ment.to
decide which is the state in his possession . If

his meae yield lift ) Le Korok « o ) , if his

they gilets I #-) Le record Coil
, of his mers

zrelds l 4-) Le tueur (lo ) , if his meae gilets

/¢
-

) Le record 417
-



④
A

!Ï:Ëᵐ
-

: -7-7
* -☒-

-☒
:-).fi#-------------------- - -

/Moon
.

Moen :#
This protocoles often snmmevited as

2 c-bits = 1 qu
-bit + 1 e-bit .

- - -

the classico the qubit the EPR

venge .
sent pain

Bntn-khcthueare2qnbitsinolaed.no .



④

Telepatah.at?wtoeol.--

In this protocole Alice want to
"

transfo "

( we sa >
"

teleport
" ) a qu-b.it#obbphysicaQy

sendimghvolanicalbitslandnotphyiay
.

To achieve this A & B pire Shane au entanjbd

pain as ↳fou ,

Remarks i

ÎâisÎsomehow dual to the previous denne Coding

Trask
.

However this time here will be 3snb

involved i
- hkl

.

2) The qubit State is Klepatch to Bob and is Lost on

Alice's side
. Other wire the no - cloning them would

be vrlated
.



④
The protocol :
- classico communication Channel

ÏÊ• Mon

B

•

li-ihalsihrahTIIQS.tk> + 13113
A -

A•Ï .gg
•

kff540> +f11)147 À
ffindsihah.TL
-

• Alice makes a measurement in her Belt basis

{¥4 , /¢+3,14
-

)
,
/¢7 }

A A A

and records (0-0) (al ) (lo ) (II ) .

• She much the 2- Classica bits message to Bob .



④
• Bob receiver 2 clan ical hits and does unitate

transformations accordinglg to his share of lift )

→ f. herbier cool he applis 1,3 = (! ! )

→ The receiver (oh he applis Xp = (%)

→ The receiver (lo) Le applis 7-
☐

= (I I, )

→ of the receiver
(117 Le orphies 2-

☐
✗

☐

= (Î ! )

We claim that this garantes Le tas kf3 > .

Notre that te mener measures en even mener attempts to

"

know
"

what IQB ) is -



④
Aᵐᵉᵗ
The global initial state liu in the Hilbert

space ⊕ ICI ☒ ÈA
,

i

/ Y
+

,
,
☒ 14¥
,

=¥ @ a) +111 ) )☒ fr1014111)

=¥ / 0A
,
% 0A
,

> +¥ / 0A, °, 1A, >

+ 11A
,
730A
,
> + ¥-1¥, "☐ %, >

After the measurement of Alice we here four

pénible outcomes in her lab 14¥
,
#
~
,
l Étain

, ,

/F)MA, s
l F)

A, A,
•
To get the global State

often Alice's measurement ne compte ( here for the

first possibility ) :



•ËÏÏËÏÏÏ lui>⇔ -4¥
= 147am ☒ ÎÈÊ<zeÎÊ. . . . )

⇐
¥E÷E

= { 14+4 ,@, ☒ (✗ 107,3+1311), )
-

P '%
.

this fadas % is divided out when we menmdite the

State
,

A
, A ~

A
, AumË

@" + < toi )

• (l #
+

,*,

< À la,n, €1,3 ) 14¥, , ☒ 19¥

= LÀ )a
,a,

⊕ ¥ ( Plo ),] + ✗ 11 ?} }



Oa
,

/ - <¥1, / ) ④

• (F)ma, <

4.TN#*1B)t4+)n-p.-ll)n--I4-)p-,n-z-ejz(Xl0fz- PH )
,} .

• (E)ma <Fap, / ☒ 1g ) 147s, , -019¥

= 1¢
-

laa
,

☒ { Plots - ✗Kts]

i

←"|"ᵉ1¥ )A,*
,

✗ 1%+13113,

1¢)q*
,

p lo ) + ✗ 11 )
B ☐

/ 4-HA
,

✗ lo ) - 1311 )
B B

P lo ) - xls )/ ¢
'

)
#A
, B B

'



④

classicalcommixnicahapha-lytln.azAlice rends oo ⇒ Bob appeler 1,3K ↳ +f11))
= klz ) . ✓

147A
, a,

Ali- rends 01 ⇒ Bob option ✗
☐

lo) +all ) )

= 13 /1) 1-✗ lo)

= 14,37 ✓

/ 4)
ma,

Alice rends to a Bd gylie -7ps @lo) -ple»

= ✗la > xp/1)

- 147,3 ✓

1¢
-

↳µ,
Alice rends 91 ⇒ Bob applis Z

,
X
,
lo) -✗ lis)

=
2-

☐ (Pll) -✗ lol)

= - P / i ) -x lo)

= - Clo) ff11) D

= <C)☐
✓



④

Téléportation Circuit .
-

A possible circuit représentation is

kf4E- ⊕-MI

Earth

⇒ {ÏÏ!?Ë . .lt . . . . . . .
.

-☒-☒s→>
☐

The protocol can also be summa- ited as

1 qubit = 2 c- bits + 1 e-bit .

-


